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EVALUATION OF A DEFINITE INTEGRAL.* 
By A. Pell. 
In his book on definite integrals, Bierens de Haan gives the following for- 



mulae : 



fe-(P*' + <i/*>) Sln \ rx 2 + 1 I dx = ^- e -**«»(.+« sin $ 2absm(a+0)+al , 
Jo cos C x l > 2a cos c v > 



where 



a*=p'- + i*, b i = q i + s i , a = i tan" 1 -, £=J tan" 1 -- 



For the proof reference is made to a book by Helmling,t which seems to be 




quite inaccessible, as it is to be found neither in the Gottingen nor in the 
Berlin university library. 

We will establish the above formulae on the supposition that^»> 0, q>0,t 
by making use of the fact that the integral of e~ z * around any closed contour 

* This paper was read before the Chicago section of the American Mathematical Society 
at the Meeting of Dec. 28, 1899. 

t Transformation und Ausmittelung bestimmter Integrale, 18B4. 

J If either p or q is negative the above integral has no meaning. We will not consider 
cases in which p or q is zero. 
(144) 
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in the complex z-plane is zero. The contour we shall use is the one marked 
in the figure OABCDO, and consists of an arc of a hyperbola BC, of por- 
tions OA and DO of its asymptotes, and of the arcs AB and CD of two 
circles with centre at 0. Letting z = X+ i Y we will represent our hyperbola 
by the two equations : 

X=Px-Q, V=Bx--, 

X X 

where a; is a parameter, and P, Q are both positive. Kliminating x between 
these two equations, we get as the equation of the hyperbola : 

sbx* + pq y*-(ps+ iiq) x v~(ps- noy = o. 

Integrating around the contour we have : 

f e-^<h = 0=l + I +[+[+[ 

JOABCDO JOA JAJI JttC JCl) Jl)0 

When the radii of the arcs AB and CD arc increased indefinitely :* 

lim / =lim / =0, and lim / = lim / = — ^5- > 
Jcd Jab Joa Jdo '* 

provided that the slopes of the asymptotes are numerically less than 1 ; i. e. 
provided S 2 < Q? and B 2 < P 2 . We will henceforth assume that these inequal- 
ities hold, so that we have : 

lim / e' z ' dz = dir . 
Jbc 

When z varies along BC, the parameter x varies from to x, hence 
substituting and carrying out the indicated operations, we find : 

/■"-[ii«-j W *. + (fl.- W /«.j j cos }[ BP.v°-+ ^- (J!Q+ 81>)~\ -/»in ■> [j{Ps* 

Separating real and imaginary pai-ts of this equation we shall have : 
/7-[(P»-JP)*« + (e»-s»),x*j l"(P+^ ) cos -2 \ BP.c i +^ - (BQ+ SP) I 

+ (i? + |) s i,,2 I BPx*+ W-(BQ+.SP) Hrf* = e -*C<?-*« . fa 

•Picard, Traite d' Analyse, Vol. u, p. 159. 
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/"e-l(>"-iP)«' + (9'-W.--ir(7> + ^) 8 in 2 $ 2lPx* + ^ - (ItQ + SP) I 

- (ii? + 1 )cos 2 | i?./V + ^r - W + &P) Hdx = 0. 
Integrating the same function along the conjugate hyperbola: 
X=Px+^ Y=ltx+—, 

X X 

we find two more equations : 

± ( il> -|> cos 2 \xf* + 2£+(XQ+8P) }]«fc-0. 

Let a and /3 be the angles which the asymptotes make with the axis of 
reals. We have : 

tan a = yj , tan p — - y* • 

Let also : 



We then have : 

tan 2a = -, tan 2/3 = -, 

P 1 

P=a cos a, 11= a sin a, <^> =& cos j8, £=& sin /9, 

and the only conditions to which p, q, r, *• need be subjected are evidently : 

p > 0, <y> 0. 

By substituting these values of P, Q, It, S in the four integrals ob- 
tained above and combining them we get : 

/""- ««■+«*•) ^ cos a • °.° S / /-x 2 + -^ ± sin « • Sl " 6** + -^ J <** 
J ( sin \ *V cos\ x'V > 

J^T c-** COR <•+» • ° OS 5 2«6 sin (a + 0) J , 
2a sin < > 

from which the formulte given at the beginning of this paper follow . 

UxiVKit-strr of South Dakota, Dkckmber, 1899. 



